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X (t) = Ax (t)+But)
y(t)=Cx(t)+Duf(t)
AERnxn,BERnxm,CERmxn

e(t)=rt)-y()
u(t)=Ke(t)

X (t) =AX (t)+B.r()

y(t)=C.x({)+D,r(t)

A =A-B(K™_ +D)'C,B, =BK —B(K I +D)"'DK
C.=(1_+DK)'C,D, =(I +DK) DK



X (€% (t,),t,) = exp(A X (t, ) + _t[exp[AC (t —2)B,r(z)d 7
S3L e il & Al s §
lexp(At)|< pexp(-at), a,peR*,Vt=0

/.i;o d).'a )‘

[y O <|Cex ©] +[D.r )]

< \\[/)7 r (t)‘wic exp(AL)X (t,)]+[C. | [ |explA. ¢ —2)I||B.r ()|d 2
<dM +cp|x (t,)|+cbMpTa
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Exponential Stability L5_,L<,_, LS)‘J:{L.{, w}” O

Internal Stability _J=ls g,Jasl oy p25 ™

e, (s) | | Hu(s) Hy(s)|uy(s)

e,(5) | | Hu(s) H,(s)][u,(s)
+

ke 2 P l

b syl 65 p5Y byl
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45 9S Azl
Hy () =[1 =K (8)G (s)]"
H,(8) =1 —K ()G ()] K (s)
H,.(s)=[1 =G (s)K (s)] G (s)
H,,(s)=[1 G (s)K ()]

O ™R 9

H,,(8) =1 +K(s)H ()
H,(5) =Hy,(s)K(S)
H,,(8)=1+H,(s)K(s)




P *0
*0

If K (s) Is exponentially stable, then the feedback system is
Internally stable < H,,(s) is exponentially stable.

P *0
*

If K (s) I1s exponentially stable, then H ,,(s) Is exponentially stable <
1.det|1 -G (s)K (s)] has no zeros in CRHP.

2.[1 -G (s)K (s)]_lG (s) is analytic at every CRHP pole of G (s).



11 11 (1 0
s+1 s-—

G(s)= K(s)= _
©)=""" ", ©)=|, s-1
| s+1 s-1_ -

- 5 -

—G(5)K (s) = s+1 s+1 |
-1 1
1 s+1 s+1.
- -
B s+1 s+1
= det[| -G (s)K (s)] =det ) =
S
1 s+1 s+1_
[ s—1 s+1]
2 2
(1 -G (5)K (5)) "G (s) = (s+1)7 s°-1
-1 1
| S +1 S+1_
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R(s)

L

MIMO 4 SISO l» (S }‘ > ous! (oS

5L ddl> Sledlb 51 as adl> ¢, laul s
9‘-“-’35-’[-‘ 6)‘4:’.[{. Lf"ba

OPEN LOOP PLANT

L(s)=G(s)K(s)

:LAS Lgl.o..fb

Y(s) .
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(OLCP) 3 4il> 3 (CLCP) aiuws ddil> sla gl dlomuis

FGS)=I1 +L(s) The Return Difference Matrix
L(s) The Return Ratio Matrix

A B
The Minimal Realization of L (s) = {C D}

Then, detF (s)=det| 1, +C (sl —~A)"*B +D |
sl —A B }

n

—C | +D
det[sl,, —A]

det{
Using the Schur Formula:detF (s) =

13



S|
det } The Return Difference

det F (S) — { — [SI / Matrix is Well-Posed.
- | —A B
det{I B(I +b) }de{s " }
—-C | +D

det[sl ~A]

A+B(I +D)™'C 0
| +D

det

det[sl Al
det|sl, —~A+B(l, +D)"C |det[l, +D]

) / det[sl, —A]

s ddl> i S s 5l
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Note that: det F (o) =det[l, +D |

detF(s) det[sl —A ], CLCP
detF(0) det[sl —-A] OLCP
detF (s)

= CLCP= OLCP
det F ()
3 0 S +2 0
Example: L(s)= s-1 = F(s) = s-1
—2 s -1
0 — 0o —
i S+1 i S+1
det F (s) S 42

= CLCP= OLCP—S—(S ~D(s+)=(s+2)(s-1)

det F ()



 s?4s+1 1
2
Example: L(s) = s°-1 s-1
P (s) . .
| 571 S —

= This is not a well-posed plant!

=1 +L(s)=

16
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OPEN LOOP PLANT

OOl =e K () — L)

SISO s sol (gudS 0 )5 g onsl ™
Sl slaul oy8 "
:QLO;)T J..a‘ .
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Let f (s) be arational function and C a closed contour In
the complex plane.Then, assuming:

1.f (s) 1s analyticalong C, 1.e f (s) has no poles on C.
2.f (s) has Z zeros inside C.

3.1 (s) has P poles inside C.

Then, "The image of f (s) as s traverses C once in cw
direction will make Z —P cw encirclements of the origin.

18



1Sl 4 ax o5 L

CLCP
detF (s) =

det F (o)

N(0,detF(s),D)=2Z —P
= Number of closed-loop poles in the RHP —
Number of open-loop poles in the RHP

:$,lul gl

Number of closed-loop poles in the RHP Must be ZERO, i1.e. Z =0.

19



(3l rosd) 0 yiie Wi ConisSl (55l ) ity o

51 Laib g 51 cenl ol cciie Sosd L 3 des dil> e

OPEN LOOP PLANT

Y (s)

R(S)—»?— L(s)=G (s)K (s)

The Nyquist plot of F (s) makes P anti-cw encirclements
of the origin and does not pass the origin. P s the number

of open-loop poles in the RHP.
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WS B2 jge cpl ]y ddle o ()5S
L(s)=kG (s)

SISO censsSols CJl> -

A (s) an eigenvalue of G (s) =
k A (s) an eigenvalue of kG (s)

—=1+k A (s) Is an eigenvalue of I +kG (s)

= det[ I +kG (s)]:Hdet[1+ki,(s)]

21
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KA (8)

Characteristic LOCI gy darrdvo slo (51, la B3I, -
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G,(s)

G, (s)

0 1 s 1
=| c _ = S)=%x,|——
s -1 0 ﬂ’lZ( ) s +1
' S+1 |
1 s+1]
=52 5 |2 A6)=146)=-
S 2
' S+4 s+4 ]

S(s +3)

s’ +6S+8

Jie
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s+1 (s+1)
2.7 2 2
Ajo) = j W +1(1—jm)—i[w4 w*+1 +jJ w +1]
1+aw? 1+w? 1+w?
..Ua.:au.a "y

A1) = (-1,40),0- -0, 4, (je) > (1,+0), 00
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05(s+1)2+1 -0.5(s—1) |

G(s) =

(s+1)°
1

A(s)1 =G(s)|=0= (/’L(s) —

= A4(8) =

(s-D(s+1)°

05
20 0 (s) =
S+1 ()

s+1

1

(s+1)°

0.5

S+1

oo

1

(s+1)°

Jue

J-c
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Imaginary Axis

Nyquist Diagram

Real Axis

04

0.6

0.8
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RUBKKS

—00 < —% <—-0.124 = N =Z-1=0, Unstable with 1 RHP pole.

—0.124 < —% <05=N=2Z-1=2, Unstable with 3 RHP pole.

0.5< —%<1:> N =Z -1=1, Unstable with 2 RHP pole.

1< —%< o= N =7 -1=0, Unsatble with 1 RHP pole.

30



WL . ' L8 A sl 5 Jeds mb e yle

'_"'_";. b, : G(S) _ k [ﬂ'-—-l 5 J .

al i hes 1.25(s+1)(s+2)L -6 s5-2

Sk 3l «dl- ins W 5 L0505 51,82 51 ;5 G(5) sledas aS 5l oL Oly oo Solw
LS s O n K s el 300 51 5 |y G(5) sl 45 S am g5) o
SAE GRS S 53 A L e S Wy i e (6L sl ol
750 ¢ e s Ol e 4 ((1/KV0) 5 )8 i 55 b il 4zl oy ahas sl
L‘thl}';l'.‘.a k=1 L! +J‘)Sr.1.h1}:;- WP S, s ‘.;.L:-ngh_l.ll% I_SJ_J_,ﬂ‘J G(.\'} J.'Ilkj:-‘l__:ll-:
LR [l] Llnmrﬂjﬁ—a‘)ﬁ;ﬁdhwqﬁu

31



w=-20

32



:.u..'f‘_,.. Gt A0 JS.."&_)IJU' Gl Lol
w|)|.x.,b 0<k<1.25 65,
G gt W5 als i e J g 257 Sy < 0.8<-UK<0.4 6l (i)
o JLLE1.25<K<2.5 (gl i
by gl dhat J o colu @ yie g j0 A5 9 «0<-1/k<0.533 ¢l (iv)
atis adl> a1 9 310 oo abi J o is o 0.533<-1/ks sy W

33



(A8l paord) 0 gatio W (woSo Camgol gylsl jlwo ©

(Generalized Inverse Nyquist)

e 3SL Ay SlLL JES! ho Z olaws G(S) Jos &b

o S5ho S| haas o ST sl sl KG(S) ouiS p s b ats ddl>
Caz 50 5Lz 1 =Y ahss INV(G(S))K 4l pcans’ CondsOl
Sl hemcdad Bis w16 8) Wi g0 el 4y ie

(3,1
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395w 35 sl § Canaiau b sla syl @

ko @l g pile CanSoSOb )l oy s
ko gl e pile wsSiae CungSoL al,l iy a5
Inverse Nyquist Array (INA) =

95 S apad ®

Gershgorin’s theorem
Let 4 be a (mx m)-matrix with complex entries «, . The eigenvalues A, of 4 are contained in

two unions of circles around the diagonal elements with the sum of the moduli of the off-
diagonal elements in the same row resp. colums as radii:

‘;&-— -a,

m
A — -{f{,.:_‘ < Z ‘ﬁ‘_;s

,.'"_]

e

nt
< Z "-’i‘ ‘ and
/=1
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1=1 ]=1
j #i j #i

36



(1.2) element

37



tgolS ST
Lol daseive glo S glatizl (5550 5 slaaily gloi|
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(Diagonal Dominance) ¢ yas auds ©

16 s ade ol slas 1S

Interaction Measure |=las b))l

ST 9 (2O, (S ks alde
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QE)=[a;()]  i,i=12--m

Row Diagonal Dominance: For all s on the Nyquist Contour

‘qii (S)‘>i‘chj (S)‘ 1 =1,2,---,m

J #I

Column Diagonal Dominance: For all s on the Nyquist Contour

‘Qii (S)‘>i‘qji (S)‘ 1 =1,2,---,m

J #
LS mrle o gkd ade sow)i Jlxe ®
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5 S oy
K =diag {k,,---,k,, |

Theorem 2.13 (Rosenbrock, 1970):  Suppose that G(s) is square, that
K =diag {ky,. .. ka} and that

!

‘Qi:{ﬂ‘k—

| > T 19,0) (281)
i

J #i

for each i and for all 5 on the Nyquist contour; and let the ith
Gershgorin band of G(s) encircle the point — 1/k., N, times anticlock-
wise. Then the negative feedback system with return ratio —G(s)K 15
stable if and only if

where P, is the number of unstable poles of G(s), and there are no
hidden unstable modes.

42



Proof: We know from Section 2.8 that a necessary and sufficient
condition for stability is that

N=Pﬂ

where N is the number of anticlockwise encirclements of the origin
made by det[[+G(s)K], as s moves once around the Nyquist con-
tour. So, to prove the theorem we need to prove that

N=% N, (2.83)
i

To do this, note that the ith Gershgorin band of G(s)+ K~ ! encircles
the origin N, times anticlockwise (the condition (2.81) ensuring that it
does not cover the origin). But the union of these bands contains the
characteristic loci of G(s)+ K ™'; call these characteristic loci p(s)
(i=1,...,m). So we have, as in Section 2.8, that

Aarg det [G{s}+K‘1]=z Aarg p;(s) (2.84)

=2 N, (2.85)

43



But

Aargdet[I+G(s)K]=Aargdet [G(s)+ K~ 1+ Aargdet(K)
(2.86)

=Aargdet[G(s)+ K] (2.87)

N=N, n

Theorem 2.13 can clearly be restated in terms of column dominance
instead of row dominance, by replacing (2.81) by

> ), lgu(s)l (2.88)

1
S —_—
gil[:H"k Z

and indeed the theorem holds if either (2.81) or (2.88) holds at each point on
the Nyquist contour. A corresponding theorem can also be stated in terms of
the inverse transfer function G~ 1(s) (see Exercise 2.11).
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