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The Normal Rank of P(s) isr if rankP(s)=r for almost all s.
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Theorem Let P(s) be any | xm polynomial matrix with rankP (s) =r, then it is

egiuvalent to the following | xm matrix

[ £,(s) 0 O]
> £,(5)
0 0 0]
Where,
& (S)‘giﬂ(s) I :11”"r_1
_DBis) . .
& (S)_Di—l(s) =1

D. (s) = greatest common divisors of all the i xi minors of P (s)
S (s) is the Smith form of P (s), &, (s) are the invariant factors and D, (s ) are the

determinantal divisors of P(s). The zeros of S(s) = Hgi (s)=0
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e multiply a row/column by a nonzero constant;
e interchange two rows or two columns;

e add row/column multiplied by polynomial to another row/column.
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£(5) =L £,(5) = (s +2)(s —2)
_ _ : o>l
. 0 Pl e 5
S(s)=|0 (s+2)(s-2)
0 0

14




15



Theorem Let G(s) be any | xm transfer function matrix with rankG (s) =r
then it is egiuvalent to the following | xm matrix

_ﬂ 0 0
‘//1(5)

)= £,(5)

v, (S)
0 0 0

Where,

& (S)‘giﬂ(s) I :11“"r_1
Via(S)|wi(s) i=L--r-1

g (s),w; (s) are relatively prime Vi
M (s) is the Smith-McMillan form of G (s).



Let G(s)=L(s)M (s)R(s) where, L(s),R(s) are the elementary matrices

&£(9)
()
Rewrite, M (s) = A (s) asM (s)=N (s)D (s)™,
gr
v, ()
0 0 0

Then,
G(s)=L(s)N (s)D (s)"R(s) =[L(s)N ($)I[R*(s)D (s)I"
Which is a Right MFD of G (s).



5 53l 5 ek @l 5 le

1 1]
$2485+2 5243742
gli5-4 2wi-5-B

Gis) =
©) §2485+2 5243542
2 -4
s+1 541

pe>

1
Gis)l= P
[3} $248r4+2 )

ealizd L el AT i 3 0dd wsls glabas L 7o PUS) ol s a8

oy g
s iy g s 1y G(5) DhenSe - el 2 g AT 2 P(5) s
ST
1 0
1 (z+1)(5+2)
G(s) ~——8(5) =M(s) = ;-9
.0 0 _

Jbe S

18



Jbe S

S 53 ) 25 ok b e e
1 0 s-1
G(s) = s+1 1 (s+1)1(s+2}
0
s+1 (542)(s-1)
{'-'..JI"
9= 1 [(3-1)(”2) 0 (3-1)2]
(s+1)(s+2)(s-1) 0 (s+2)(s-1) s+1
=L p@s)
d(s)

51 45k P(s) 2x2 (5lasleS 3 5L a1 P() Vx Y (glaslgS Sae alop guuin o535

(s-1)(s+2) 0
0 (s-1)(s+2)

(s-1)(s+2) (s-1)°
0 s+1

= (5-1)°(s+2)°, = (s2-1)(s+2)

0 (.5'11)2
(s+2)(s-1) s+1

Slewi)ls Jods b oy le

. —(.5'41)3(s+2)

1
M(E) — (S+1)(3+2)(.5’-1) .

— 0
: s+1

0 0

19



L5 3l 5 ek &b sl
1
_ (5+1){z+3)
-1 sel)
(s+1)(s+3) §+3

G(s)

[""'—Jh

1 [1 0 }
F) = 2
(s+1)(s+3) -1 2(s+1)
1
=—FP
o
2 VXY SAsleS Sl 5 hilpn 1 P(S) VX1 (5lasleS Syt g g 1 5

31 e PAS) sl 125 g el 2(5+ 1)

s{:}_[l 0 !]
0 (s+1)

P S e S(5) i bl 0l l_n}Ln_,.- ﬁﬂolj."_ﬂjzg"l'l): C'lli‘_,: &<
iz jle Gls) G nSe
1

M(s) = (5+1)(s+3)
s+1
5+3

Jea

20



G(s) :Wl)N (s) N (s) Polynomial Matrix,
S :
d(s) lcd all the TFN elements.

v

L(S)N (sS)R(s)=S(s)

_51(3) O O
. Wl(s)
M (s) = ——S (s) = h
d(s) - £ (S)
v, (S)
0 0 0|7



Y (s)=G(s)U(s)

=Y (s)=L(s)M (s)R(s)U (s)

L(s)

EON
W, (S)

0

R(s)U (s)

M)‘Q
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IV (s)]| >0, for |U(s)|<ooand finites < y;(s) >0

6u6‘wws&pwxwwéu@u

{ly,(s):i =1---,r}
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M (s)

M (s)

M (s)

1

(s +1)(s +2)

(s =1)(s +2)°
0

1

(s +1)(s +2)
0
0

s+1

S+2
0

1
s —1]

Jeo sy

= poles = {-1,-1,-2}

= poles ={1,1,-2,-2}

= poles ={-1,-2,-2}
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lim A(s)|G(s)|=0,

where A(S) Is the characteristic equation of G(s)
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G(s)=[gi,-(s)}=_228_ i =11 j =1,
Element Zeros are given by b; (s)=0 1 =1---,1 J =1---
Jis
-, 5 -
G(s)= S]J_rl SI?’ = No Element Zero
| S+1 s+1]




G(s)=

s -1 2

s%+1 S +3
1 s +1

s+l (S+3)(s+1) |

— Element Zeros at s = +1

28,55 sddlin o paie yho yo ,ld, ol Jg il
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2k b sl gl TY-Y Ll
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s+ 5
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ey e e pl (Transmission Zeros) il sla oo ®
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Letu(t)=ue®, and correspondingly x (t) =x £*, then

st st st
X~ =AX£e” +Buge

0=Cxge* +Duge*

Then,
sl, —A -B || X,
=0
C D || u,
Then,
si, —A -B
=0
N

This Is the zero polynomial of the plant.
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Determinantal Expansion of,

sl,-A -B|
C D|

gives,

2(s)=[sl, —A||D +C(sl, —~A)'B|=p(s)[G (s)]
and,

z(s)
G
GO 06

Note the Blocking Property.
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Y (s)=G(s)U(s)

=Y (s)=L(s)M (s)R(s)U (s)

L(s)

&(s)

0
W, (S)
£ (8)
v, (S)
0 0

0

LR o livo gS;

R(s)U (s)
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Y (s)=0, forU(s)=0andfinites < ¢ (s)=0

(£,(s):i =L---,r)

JGl sl am adS 380 olowd § Cusdee dcgose (pl 1SS
A2 o |y 0 puiedis i
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1
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-C D
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L:(sl—A)1 M -C D}_{ 0 G(S)}

= Rank Deficiency in G(s)
IS equivalent to Rank Deficiency in P(s)
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u'G"(z) =0.y;
uu'G"(z)y, =u,0.y'y. = G"(2)y, =0u,
= y,'G(z) =0u,
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Ju(t) =ue” = y(t)=0

el 15 O jgo 4 (6999 (pl 4 > by

X (s) = (sl — A)*x, + (sl — A)*B—2
S—17
— (sl = A)[x +B—]
S—7
_ (sl — A)'fx, + A,
S—1Z

— (sl = A) (sl — A) ’i X

S S—1Z2

]=—2= x(t) =x "

53



YE-Y Jle o

YO-Y b ©

54



3 o (o0 guf GO i O 79y Hho Sy Ol Sy
JEsl (e, JUB SO a ) Jlubl jae csllael S5 Gles (o Soas

145 A5 Aol
y'G(2) =0,T(s) =G(s)K(s) (1 +G(s)K(s))"
=V, T(z)=0
Jte
6(s) - 1 { 1 1}
(0.2s+1)(s+1)|1+2s 2
RHP Zero 0.5
— 1 2
=l
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Design objective: Set-Point Tracking iny =Tr
Ideal Tracking: T(0) = |

Design I: Decoupling Design
t,(s)=t,(s)=0=1,(z) =0,t,,(z) =0 (The unstable zero must be present
in both diagonal elements)

—S+7Z 0 ]

A choice is:T(s) = St
0 —S+72
i S+27 |

Design II:

1 0
T(s)=| Bs —s+z | Ideal control for the first O/P, unstable TZ has no EFFECT on it

S+17 S+17

:2(1)—%:03,31:4
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Design IlI:

—S+2 3,8
T(s)=| s+z s+z | Ideal control for the 2nd O/P, unstable TZ has no EFFECT on it
0 1
= Zw—le:ﬂ2 =1
0.5+0.5

1|2
OO T PN g P [PL N _ﬁ{—l} 5 igely Jelos
5 i pgd b o 3 I el i (295 sl Cam 0 jho (g5
£90 Z9> 4 bl jao SIS elp Wl g el paw >
S Lo a8 Jb o eeyle aiis ddls o Il ee Vol cdls o 0 S el
B e oo e e Sk alsSe anze cnl el 5L adl> e bl e
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Theorem 6.4 Assume that G(s) is square, Junctionally controllable and stable and has a
single RHP-zero at s = z and no RHP-pole at s = z. Then if the k'th element of the output
zero direction is non-zero, i.e. Yy, # 0, it is possible to obtain “perfect” control on all

outputs j # k with the remaining output exhibiting no steady-state offset. Specifically, T can
be chosen of the form

10 0 0 0 0 -
0 0 0 0 0
T(s)=| g Bas ... Br-18  —s42 Bry1s | Bas (6.37)
s+z stz 84z s+z s+z 84z
L 0 0 0 0} 0 1
where
_ Yz .
Bi=-2=forj#k (6.38)

Yzk

Proof: 1t is clear that (6.37) satisfies the interpolation constraint 7 T'(z) = 0; see also Holt and Morari
(1985b). a

The effect of moving completely the effect of a RHP-zero to output k is quantified by (6.38).
We see that if the zero is not “naturally” aligned with this output, i.e. if |y, | is much smaller
than 1, then the interactions will be significant, in terms of yielding some 8; = —2y,;/y.x
| much larger than 1 in magnitude. In particular, we cannot move the effect of a RHP-zero to an

output corresponding to a zero element in y,, which occurs frequently if we have a RHP-zero
. pinned to a subset of the outputs.
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G(s)=

1

a

1

s+1 s+3

1

| s +1

S+1 |

:>TZ::{

A State Space Realization:

0
X

y

1 -8
1 -5 -4

-8

0 0 -1

0 1 2
X
0 0 1

X +

2m >n and we have,

A —BKC =

1
1
0

-8
-5
0

0 o
-1 0

—8]
—4
-1

a—3

l-«

kz
k4

Jbe So

},a:2:>TZ _q)

0 1 2
0 01



Let the desired TZ be {—2} with the other two arbitary but stable close to —2:
1 -8 -8 ]

A-BKC =|1 -5+k; -4+ 2k, +K,

0 —(k,+ky) —1-2(k,+k;)—k,—k, |

k,=-k,;,k, =1k, =0,=

1 -8 -8
A-BKC =1 -5+k, 2|k, =1=TZ={-2,-15+j1.33)
0 0 -2

1 1
K ={ O}’ and the modefied plant is (A,B,C,K ™).

The corresponding modified TFN matrix is
G (s)=G(s)+K™
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G (s)= s+1 s+3
" S+2 S+2

1 —s-1]

' S+1 s+1 |

with the Smith-McMillan Form:

1
(s +1)(s +3)

M(s)=
0

(s +2)(s*+3s +4)

which is compatible with the previous result.

s+1
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= ‘sl o —A, +A12C2‘1C1‘ =0, arethe TZs.

Define,

* Measurement Matrix

Then,

w(t)=[C,+MA, C,+MA,]

=|sl,_, —A,; +A,F,'F,|=0, arethe NEW TZs.

X, ()

X, (1)

:[Fl FZ]

X, (t)

X, (1)
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sl

sl —A,
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n—m

_A12
sl —A,,

0

B, |
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Let,

K = Fz‘lF1 =K =0C,+ I\/IAlZ)‘l(C1 +MA,))
->M(A,-A,K)=C,K -C,

=M =(C,K -C))(A,,-A,K)™

A final important NOTE:

limxa(t) =0= limw (t) =y (1)

{ o>
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1 o
G(s) = s+l s+3| g, _Ja=3 a=2=TZ={1
1 1 1-a
| s+1 s+1]

0]
' 0 1 2
A State Space Realization: x={1 -5 —4|x+|{-1 0 u,y:{ }
0 0 -1 1]

1
' 6 3
(L[-8 -8]) is a controllable pair. Therefore, K = {0 ——} =M :{ }

16 16
e -

16 -2 -1 05 1116
~F=|1F = = |s-1+(-2)[-8 -8] 16 1542
3 15 -05 15 -2 3
_16_ _16_
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